Abstract: We present novel techniques for obtaining the basic estimates of virtual element methods in terms of the shape regularity of polygonal/polyhedral meshes. We also derive new error estimates for the Poisson problem in two and three dimensions.
Introduction
A salient feature of virtual element methods [1-9, 11, 14-16, 22 ] is that they can be implemented on polygonal/polyhedral meshes. The stability analysis and error analysis for these methods require the extensions of well-known finite element results to general shape functions and general meshes. This is a delicate task since the notion of affine-equivalent elements is no longer available. (See the treatment of the original virtual element method in [10] .) The first goal of our paper is to extend some basic finite element estimates to the virtual elements introduced in [1] , under the shape regularity assumptions that can be found for example in [1, 4, 8] . The main tool is a discrete norm for virtual element functions that plays the role of the L norm in the analysis of standard Lagrange finite element functions and which can be controlled by standard shape regularity arguments. The second goal is to apply these results to the Poisson problem in two and three dimensions and derive new error estimates for certain computable piecewise polynomial approximations generated by the virtual element methods.
The rest of the paper is organized as follows: We consider two-dimensional virtual elements in Section 2, where we obtain basic estimates needed for the error analysis of virtual element methods. Novel techniques for exploiting the shape regularity assumptions are developed in Sections 2.4-2.7. The error analysis for the two-dimensional Poisson problem is then carried out in Section 3. The results in these sections are extended to polygonal meshes that satisfy relaxed shape regularity assumptions in Section 4 and to the Poisson problem in three dimensions in Section 5. The paper ends with some concluding remarks in Section 6.
We will follow the standard notation for differential operators, function spaces and norms that can be found for example in [13, 17] , and also the notation in [8] for virtual elements.
of D and let ℙ k (e) be the restriction of ℙ k to e ∈ E D . The space ℙ k (∂D) of continuous piecewise polynomials of degree ≤ k on ∂D is defined by ℙ k (∂D) = v ∈ C(∂D) : v| e ∈ ℙ k (e) for all e ∈ E D .
Shape Regularity Assumptions and Consequences
We assume (cf. [1, 4, 8] ) there exists ρ ∈ ( , ) such that |e| ≥ ρh D for any edge e ∈ E D , (2 (cf. Figure 1 ). In particular, the number of vertices of D is also controlled by ρ. We will use the notation A ≲ B to represent the inequality A ≤ (constant)B, where the positive constant depends only on k and the parameter ρ, and it increases with k and /ρ. The notation A ≈ B is equivalent to A ≲ B and B ≲ A.
Trace Inequality
It follows from (2.3) that we have the (scaled) trace inequality
(2.4)
Discrete Estimates
In view of (2.3), we also have the following discrete estimates:
for all p ∈ ℙ k . (2.7)
Sobolev Inequality
It follows from (2.2) that
Details can be found in [13, Lemma 4.3.4 ].
Bramble-Hilbert Estimates
Condition (2.2) implies that we have the following Bramble-Hilbert estimates [12] :
Details can be found in [13, Lemma 4.3.8].
Poincaré-Friedrichs Inequalities
The following inequalities are direct consequences of (2.4) and (2.9) (with m = ℓ = ):
The Projection Π
In view of the Poincaré-Friedrichs inequality (2.11), the Sobolev space H (D) is a Hilbert space under the inner product (( ⋅ , ⋅ )) defined by
Letting q = in (2.13), we see that 14) and then (2.13) implies
For k ≥ , we can also use the alternative inner product (cf. (2.10))
We begin with the following well-posedness result for the Poisson problem.
Lemma 2.2. Given any g
Proof. Letg ∈ H (D) be a ℙ k Lagrange finite element function with respect to the triangulation T D such that g = g on ∂D, and let ϕ ∈ H (D) be defined by
Then the unique v ∈ H (D) with properties (i) and (ii) is given by ϕ +g .
Remark 2.3.
Note that the finite element functiong belongs to H ( / )−ϵ (D) (for any ϵ > ) and hence the righthand side of (2.19) defines a bounded linear functional on H ( / )+ϵ (D) (for any ϵ > ). It then follows from elliptic regularity [18] that ϕ belongs to H ( / )−ϵ (D), and therefore ϕ belongs to C(D) by the Sobolev embedding theorem. Consequently, v = ϕ +g also belongs to C(D). 20) and (iii) we have
v belonging to the null space 
Remark 2.7. It follows from Remark 2.3 that Q k (D) ⊂ C(D).
The following result shows that functions in Q k (D) enjoy a minimum energy principle.
Proof. It follows from (2.20) that
The (Semi-)Norm
where Π k,e is the orthogonal projection from L (e) onto ℙ k (e). It will play the role of ‖ ⋅ ‖ L (D) in the analysis of virtual elements.
Remark 2.9. It is clear that (2.24) and that |||⋅||| k,D is a computable norm on Q k (D). Note also that
. Below we will show that the norm |||⋅||| k,D is equivalent to the norm
The following lemma on polynomials is needed for this purpose. Lemma 2.10. Given any p ∈ ℙ k− (k ≥ ), there exists q ∈ ℙ k such that ∆q = p and
where B is the unit disc and the positive constant C depends only on k.
Proof. Since ∆ maps ℙ k onto ℙ k− , there exists an operator ∆ † : ℙ k− → ℙ k such that ∆∆ † is the identity operator on ℙ k− . The lemma follows from the observation that both ‖p‖ L (B) and ‖∆ † p‖ L (B) are norms on ℙ k− .
Lemma 2.11. We have
It also suffices to consider the case where
Let B ⊂ D be the disc with radius ρ stipulated in Section 2.1 and letB be the unit disc concentric with B.
by the equivalence of norms on finite-dimensional vector spaces. Given any p ∈ ℙ k− , there exists q ∈ ℙ k such that ∆q = p and
by Lemma 2.10 and (2.28). Putting (2.6), (2.7), (2.27), and (2.29) together, we find
and hence
Estimate (2.26) follows from (2.25) and (2.30).
The next result is needed for another characterization of
Proof. This is trivial if Π The lemma follows from (2.31) and (2.32).
Lemma 2.13. We have
where ∂/∂s denotes a tangential derivative along ∂D.
Proof. First we observe that
by a standard inverse estimate for polynomials in one variable [13, 17] . On the other hand, the opposite estimate h
holds by Lemma 2.12 and a direct calculation. The equivalence (2.33) follows from (2.25), Lemma 2.11, (2.34), and (2.35).
Estimates for Π
There is an obvious stability estimate
There is also a stability estimate for Π
Lemma 2.14. We have
Proof. It suffices to establish (2.37) in the case where h D = .
It follows from (2.7) and (2.15) that
Moreover, (2.14) implies
and 
Proof. In view of the stability estimates (2.36) and (2.37), estimates (2.41)-(2.42) follow from (2.4), (2.9), (2.24), and the fact that
Remark 2.16. Estimates for Π
∇ k,D in other Sobolev norms can be found in [19, 20] .
Estimates for Π k,D
The obvious stability estimate
together with (2.9) and the fact that
There is also a stability estimate for
Lemma 2.17. We have
Proof. This is a consequence of (2.6), (2.36), (2.41), and (2.43):
Estimates (2.9), (2.44) and the fact that
The following lemma contains another useful estimate.
Lemma 2.18. We have
which together with (2.23) and (2.37) implies the lemma.
Some Inequalities Involving
The role of the L norm in the following inverse inequality for
Proof. It suffices to prove (2.46) when h D = .
Let ϕ ≥ be a smooth function supported on the disc B with radius ρ (cf. Section 2.1) such that
LetB be the unit disc concentric with B. Then D is a subset ofB and we have, by the equivalence of norms on finite-dimensional vector spaces and scaling, 
by Lemma 2.8, and 
It then follows from (2.6), (2.48) and (2.52) that
Finally, estimate (2.46) follows from (2.50) and (2.53).
Proof. This follows directly from Lemma 2.14, Lemma 2.15 and Lemma 2.19:
We say that two polygons have the same shape (or are similar) if one can be mapped to the other by a rigid motion followed by dilation. For each equivalence class of similar polygons, we have
by the equivalence of norms on finite-dimensional vector spaces and scaling, where the hidden constants depend on k and the shape of the polygon. But it is not clear that the constant in the estimate
can also be controlled by k and ρ.
The role of the L norm in the following Friedrichs' inequality is also assumed by |||⋅||| k,D .
Lemma 2.22. We have
Proof. It suffices to derive (2.54) for the case where h D = by using (2.4), (2.10), (2.11), and (2.24) as follows:
Interpolation Operator
The interpolation operator
is defined by the condition that ζ and I k,D ζ have the same degrees of freedom (cf. Remark 2.6). It is clear that
Lemma 2.23. We have, for ≤ ℓ ≤ k,
Proof. It suffices to consider the case where h D = .
First we observe that
by Lemma 2.14 and Corollary 2.20, and
by (2.36) and Lemma 2.19. Moreover, we have
by (2.8) and (2.24).
Estimates (2.55)-(2.56) then follow from the Bramble-Hilbert estimates (2.9) and from the fact that
The proof of the following result is similar.
Lemma 2.24. We have
(2.57)
The Poisson Problem in Two Dimensions
Let Ω be a bounded polygonal domain in ℝ , f ∈ L (Ω) and u ∈ H (Ω) such that
where
The Poisson problem (3.1) can be solved numerically by virtual element methods.
The Virtual Element Space Q k h
Let T h be a conforming partition of Ω by polygonal subdomains, i.e., the intersection of two distinct subdomains is either the empty set, the set of common vertices or the set of common edges. We assume that all polygons D ∈ T h satisfy the shape regularity assumptions in Section 2.1. We take the virtual element space Q k h to be {v ∈ H (Ω) : v| D ∈ Q k (D) for all D ∈ T h } and denote by P k h the space of (discontinuous) piecewise polynomials of degree ≤ k with respect to T h . The operators
are defined in terms of their local counterparts:
Then we have
and, in view of (2.15),
The local estimates ( 
Moreover, we have
and
for ≤ ℓ ≤ k and ζ ∈ H ℓ+ (Ω).
Discrete Problem
The discrete problem is to find 
by (2.15), and the restriction of
Other Choices for S D ( ⋅ , ⋅ )
There are other choices for the bilinear form S D ( ⋅ , ⋅ ). The analysis of the virtual element methods remains valid as long as
. For example, in view of Lemma 2.11, we can take (cf. [10] ) 13) and according to Lemma 2.13, another choice [10, 24] is
where ∂/∂s denotes a tangential derivative.
Well-Posedness
Since we have
}, the well-posedness of (3.8) is established through the following result.
Lemma 3.2. We have
Proof. On the one hand, it follows from Lemma 2.19 and (3.11) that
On the other hand, we have, by Lemma 2.22 and (3.11), 
Therefore, the discrete problem (3.8) is uniquely solvable.
Remark 3.3. Estimate (3.15) and the Cauchy-Schwarz inequality imply that
S D (v − Π ∇ k,D v, w − Π ∇ k,D w) ≲ |v − Π ∇ k,D v| H (D) |w − Π ∇ k,D w| H (D) for all v, w ∈ Q k (D). (3.17)
Choices for Ξ h
We will choose Ξ h according to the following recipe:
The following result is useful for the error analysis in | ⋅ | H (Ω) .
Lemma 3.4. For ≤ ℓ ≤ k, we have
Proof. In view of the relation
estimate (3.19) follows from (3.7).
The following result is useful for the error analysis in ‖ ⋅ ‖ L (Ω) .
Lemma 3.5. For ≤ ℓ ≤ k, we have
estimate (3.20) follows from (3.5) and (3.7). Note that this is the reason why Ξ h is chosen to be Π ,h for k = instead of Π k− ,h = Π ,h .
Error Estimates in the Energy Norm
We begin with an abstract estimate for u − u h .
Theorem 3.6. Assuming f ∈ H ℓ− (Ω) for some ℓ between and k, there exists a positive constant C depending only on k and ρ such that
Proof. Given any v ∈ Q k h , we have by (3.16), 22) and, in view of (3.8),
Furthermore, we have by (3.1), (3.9) and (3.12),
and hence, by (2.36), (2.56), (3.17), Lemma 3.4, and the triangle inequality,
Estimate (3.21) follows from (3.2), (3.22), (3.23), and the triangle inequality.
We also have an abstract error estimate for the computable Π ∇ k,h u h .
Corollary 3.7.
Assuming f ∈ H ℓ− (Ω) for some ℓ between and k, there exists a positive constant C depending only on k and ρ such that
Proof. Estimate (3.24) follows immediately from (2.36), (3.2), (3.21), and the relation
Remark 3.8. It follows from (3.21) and (3.24) that inf
and hence the virtual element method produces best approximate solutions up to the perturbation error due to Ξ h .
We can derive concrete energy error estimates under additional regularity assumptions.
Theorem 3.9. Assuming u ∈ H ℓ+ (Ω) for some ℓ between and k, there exists a positive constant C depending only on k and ρ such that
Proof. Take v = I k,h u and w = Π ∇ k,h u in Theorem 3.6 and Corollary 3.7, and then apply (3.4). We have a similar error estimate for Π k,h u h . Corollary 3.10. Assuming u ∈ H ℓ+ (Ω) for some ℓ between and k, there exists a positive constant C depending only on k and ρ such that
Proof. Estimate (3.25) follows from (2.44), (3.6), Theorem 3.9, and the relation
L Error Estimates
We will derive L error estimates under the assumption that Ω is convex. We begin with a consistency estimate.
Lemma 3.11. Assuming that u ∈ H ℓ+ (Ω) for some ℓ between and k, we have
Proof. We have, by (3.1), (3.8), (3.9), and (3.12),
which together imply (3.26) because of (3.4), (3.17), Lemma 3.5, and Theorem 3.9.
Theorem 3.12. Assuming u ∈ H ℓ+ (Ω) for some ℓ between and k, there exists a positive constant C depending only on Ω, k and ρ such that
Then we have, by elliptic regularity [23] ,
The first term on the right-hand side of (3.29) satisfies
by (3.4) , and thus (3.27) follows from Theorem 3.9, Lemma 3.11 and (3.28)-(3.30).
We have a similar L error estimate for Π k,h u h . Corollary 3.13. Assuming u ∈ H ℓ+ (Ω) for some ℓ between and k, there exists a positive constant C depending only on Ω, k and ρ such that
Proof. From (3.7), Theorem 3.12 and the relation
estimate (3.31) follows.
There is also a similar L error estimate for Π
Theorem 3.14. Assuming u ∈ H ℓ+ (Ω) for some ℓ between and k, there exists a positive constant C depending only on Ω, k and ρ such that
and, in view of (2.4), (2.24), and (2.37),
Estimate (3.32) follows from (3.3), (3.4), Theorem 3.9, Theorem 3.12, and (3.33)-(3.34).
Relaxed Shape Regularity Assumptions
The results in Section 2 and Section 3 are also valid under the following relaxed shape regularity assumptions on the polygonal mesh (cf. Figures 2 and 3 Figure 2 ) satisfies a minimum angle condition because of (2.3). Moreover, condition (2.1) implies that
because D j and D j+ share a common edge. Hence we have
It follows that the estimates in Sections 2.1.1-2.1.3 can be extended to D, where
is the maximum of the diameters of the components of D, and the hidden constants in (2.4)-(2.8) depend on the parameter ρ, the polynomial degree k and the number of components N. Next we consider the Bramble-Hilbert estimates. The following observation will be useful: There exists a disc B j with radius r j centered at the midpoint of the common edge of D j and D j+ such that (i) B j is a subset of the polygon formed by the union of D j and D j+ (cf. Figure 3) , and (ii) D j and D j+ are subsets of the discB j , whereB j shares the same center with B j and has radius Mr j . Here M is a positive integer that only depends on ρ.
It follows from the equivalence of norms on finite-dimensional vector spaces and scaling that for any m ≤ k we have Proof. Let G ὔ be the polygon formed by the union of D , . . . , D j , let G be the polygon formed by the union of G ὔ and D j+ , and let m ≤ ℓ ≤ k and ζ ∈ H ℓ+ (G).
Suppose that inf
By the Bramble-Hilbert estimates for the disc B j , we can find a polynomial p ∈ ℙ ℓ such that
where the positive constant C * depends only on k. It follows from (4.2), (4.6), (4.7), and the triangle inequality that
By the Bramble-Hilbert estimate for D j+ (cf. (2.9)), we can find p ∈ ℙ ℓ such that
where the positive constant C † depends only on ρ and k. Combining (4.3), (4.8), (4.9) , and the triangle inequality, we find
Estimate (4.4) now follows from the recursive estimates defined by (4.5), (4.10) and (4.11), together with the (initial) estimate inf
which proves the lemma.
It follows from Lemma 4.1 that the estimates in Section 2.1.5 also hold under the general shape regularity assumptions. The rest of the results in Section 2 and Section 3 can then be established by the same arguments, provided that the operator Π ∇ k,D is defined by (2.14) if we use the definition of S D ( ⋅ , ⋅ ) in (3.14). The only difference is that now the constants also depend on the maximum number of components of the subdomains of T h .
Virtual Element Methods for the Poisson Problem in Three Dimensions
In this section, we discuss the extensions of the results in Section 2 and Section 3 to three dimensions. We begin with the shape regularity assumptions on a polyhedron D.
Shape Regularity Assumptions
We assume that (i) there exists ρ ∈ ( , ) such that D is star-shaped with respect to a ball B whose radius is ρh D , (ii) the diameter of the faces of D are ≥ ρh D , (iii) the faces of D are similar to a fixed number of reference polygons that satisfy the regularity assumptions in Section 2.1 with the same ρ.
Remark 5.1. Note that the analog of assumption (iii) is automatically satisfied in two dimensions since all line segments are similar to the unit interval.
We can form a simplicial triangulation T ∂D of ∂D by using the vertices of D and the star-centers of the faces of D, and then form a triangulation T D of D by tetrahedrons generated by the triangles in ∂D and the starcenter of D. Under the regularity assumptions (i)-(iii), the shape regularity of T D is determined by ρ, and the estimates in Sections 2.1.1-2.1.5 remain valid.
Remark 5.2.
We can further relax the shape regularity assumptions as in Section 4.
The Local Virtual Element Space Q k (D)
Let D be a polyhedron that satisfies the regularity assumptions in Section 5.1. We can define the inner product (( ⋅ , ⋅ )) by (2.12) where the infinitesimal arc-length ds is replaced by the infinitesimal surface area dS. Then the projection operator Π
is defined by (2.13) (equivalently by (2.14)-(2.15)). For k ≥ , we can also use the inner product ((( ⋅ , ⋅ ) )) given by (2.16) 
The set of the edges of D is again denoted by E D and the set of the faces of D is denoted by F D . The space Q k (∂D) of continuous piecewise (two-dimensional) virtual element functions of order ≤ k on ∂D is defined by
In view of Remark 2.21, an important consequence of the shape regularity assumption (iii) in Section 5.1 is that
Here and below all hidden constants will depend on k, ρ and the references polygons for F D . In two dimensions a function in ℙ k (∂D) can be extended to D as a finite element function. We will use the following extension result for the three-dimensional case. 
. Therefore, it only remains to show that g belongs to H (G) on the polyhedron G formed by x * and a face F of D (cf. Figure 4) , and to establish the analog of (5.2) on G.
We may also assume that h D = , x * is the origin and the polygon F ⊂ ℝ is placed at a distance τ (≈ ) from the origin and parallel to the plane x = . Then the polyhedron G is the set
Let ϕ n be C ∞ functions on F that converge to g in H (F), and letφ n be the corresponding extension of ϕ n to G. Then the functionφ n on G is given by the formulã
We find by the change of variables y = (τx /x , τx /x ) that
Therefore, we haveφ n ∈ H (G), The analog of (2.23) is given by
It follows from (2.23), (5.1) and (5.4) that
Lemma 2.10, Lemma 2.11 and Lemmas 2.14, 2.15, 2.17, and 2.18 can then be extended to three dimensions by identical arguments.
Inverse Inequality, Friedrichs' Inequality and Estimates for I k,D
We can establish the inverse inequality (2.46) in three dimensions provided we take the function w ∈ H (D) in the proof of Lemma 2.19 to be the extension of v| ∂D from Lemma 5.3, which gives us the estimates in 
Virtual Element Methods for the Poisson Problem
Let Ω ⊂ ℝ be a bounded polyhedral domain, let T h be a conforming partition of Ω by polyhedral subdomains, and let Q k h = {v ∈ H (Ω) : v| D ∈ Q k (D) for all D ∈ T h }. We assume that the polyhedral subdomains in T h satisfy the shape regularity assumptions in Section 5.1, and hence the estimates in Section 3.1 and Section 3.2.3 are valid.
The discrete problem for (3.1) is defined by (3.8), (3.9) and (3.18) , where a D ( ⋅ , ⋅ ) is defined by (3.10) and S D ( ⋅ , ⋅ ) is given by the following analogs of (3.11) and (3.13):
Again the restriction of S D ( ⋅ , ⋅ ) to Q k (D) × Q k (D) can be computed in terms of the degrees of freedom of Q k (D).
The proof of Lemma 3.2 stays the same and the discrete problem is well-posed. The results in Section 3.3 and Section 3.4 can be extended to three dimensions through identical arguments. The only difference is that now all constants depend on k, ρ and the reference polygons for F D .
Concluding Remarks
We have developed new techniques for obtaining estimates for virtual elements in terms of the shape regularity of polyhedral meshes, and also error estimates for the computable piecewise polynomials Π ∇ k,D u h and Π k,D u h generated by the virtual element methods for the Poisson problem. We note that the results in three dimensions require the condition that the faces of the polyhedrons in the mesh are similar to a fixed set of reference polygons.
For simplicity, we have only presented results for integer order Sobolev spaces. But they can also be extended to fractional order Sobolev spaces. In particular, the interpolation operator I k,h is well-defined on the Sobolev space H s (Ω) as long as s > d/ , and it is known that the solution of the Poisson problem on a polyhedral domain belongs to such Sobolev spaces in two and three dimensions [18, 23] .
With minor modifications the results in this paper can be extended to the original virtual element methods in [4] Such virtual element methods have been analyzed in [10] by a different approach where polygonal meshes with arbitrarily short edges are also considered. The local estimates in Section 2 (and their three-dimensional analogs) are relevant for general second elliptic boundary value problems [8] and nonconforming virtual elements [3] . We also expect that the new techniques can be extended to virtual element methods for higher order problems [15, 16] . 
